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In this talk we will consider the initial value problem associated to the
nonlinear equation

u; +uo,u + 0,Au =0, )
U(ZU, Y, O) — /UJO(xa y)

called the Zakharov-Kuznetsov equation, where u is a real valued
function defined in some suitable domain and A = 97 + 9.
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Model
The equation under consideration is a 2D version of the Zakharov-
Kuznetsov equation, that is,

uy +u 0,u + 0,Au = 0, (2)

This equation was first derived by Zakharov and Kuznetsov (1974) in
three-dimensional form to describe nonlinear ion—acoustic waves in a
magnetized plasma. A variety of physical phenomena, are governed
by this type of equation; for example, the long waves on a thin liquid
film, the Rosby waves in rotating atmosphere, and the isolated vortex
of the drift waves in three-dimensional plasma.



Even though the Zakharov-Kuznetsov equation seems a natural ge-
neralization of the Korteweg-de Vries equation,

O + v0,v + v = 0,

the ZK equation is derived from the Euler-Poisson system for nonli-
near ion-acoustic waves in a magnetized plasma.

.

ny + div(nv) = 0
T
Ut-l—(v-V)U-I—VgO-I-a@xXU:O em:(l()())

\

\Agp —e?+n=>0
where

n =ion density v = ion velocity ¢ = electrostatic potential and

a > 0 measures the applied magnetic field.



ZK equation in a cylinder and on the background of a KdV soliton
Motivation
The Zakharov-Kuznetsov (ZK) equation admits as a solution the well-
known KdV solitary wave ¢, (z,t) = ¢,(x — wt), where

¢, (€) = 3wsech? (@ ) ,  w>0.
More generally, the N-soliton ¢ of the KdV equation is also a particu-
lar solution of the ZK equation which is smooth and bounded together
with its time and space derivatives and behaves as a sum of solitons
of velocities 4n%,1 < n < N when t — oo.
For instance, the 2-soliton ¢? is given by

3 + 4 cosh(2z — 8t) + cosh(4x — 64t)

¢*(x,t) =72 [3 cosh(z — 28t) + cosh(3z — 36t)]?




A fundamental issue is that of the transverse stability/instability of
those one-dimensional “localized” solutions of the KdV equation (such
as the solitary wave) with respect to transverse perturbations gover-
ned by the ZK equation. This question was rigorously addressed
recently by Rousset and Tzvetkov who developed a general theory
which applies in particular to one-dimensional transverse perturbati-
ons of the KdV solitary wave.



Functional framework for the Cauchy problem which should be suita-
ble to describe the aforementioned transverse perturbations.

This framework cannot be the classical Sobolev spaces H*(R?) since
the KdV soliton or multi-soliton do not belong to this class of spa-
ces. A natural space to study the transverse stability of localized one-
dimensional solutions should contain those solutions.



A first possibility consists in functions which are “localized” in x and

periodic in y. This leads to our study of the Cauchy problem for the
ZK equation in H*(R x T).

Let T = R/277Z be the one-dimensional torus. We will thus consider
the IVP associated to the ZK equation in a cylinder

o+ 0, Au~+ud,u =0, (r,y) e RxT, t>0,
U(Q?,y, O) — Uo(ﬂf,y)-
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A second possibility is to consider two-dimensional “localized” pertur-
bations of the one-dimensional solution ¢. This motivates the study of
the Cauchy problem,

{ u; + 0, Au + udyu + 0,(¢u) =0, (v,y) €ER? >0 (4)

u(z,y,0) = u(z,y),
where ¢ is the KdV solitary wave solitary wave or more generally any
N-soliton of the KdV equation. Actually, we will only use that ¢ =
¢(x,t) is a solution of the KdV equation which is smooth and bounded
together with its time and space derivatives, and furthemore belongs
to the space L2L5°. Those assumptions are obviously satisfied by the
N-soliton solution of the KdV equation.



— Local well-posedness

We can see that if u is a solution of (1) with data u,, then uy(z, y,t) =
Au(Ax, Ay, \*t) is also a solution with data wu,y(z, y,0) = Aug(Ax, \y).
In particular, we have that

1 (0)]

This means that derivatives of the solutions remain invariant only if

Hs(R2) — AT w0l

Hs(R2)"

s = —1.

This scaling argument suggests local well-posedness for s > —1.
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— Global well-posedness
We note that the Zakharov-Kuznetsov equation has two conserved
quantities, namely,
Bult) = [ wllevyt) dedy = [ ai(e.) dody,
R2 R2
and
(u? +u —u’)(z,y,t) dedy

2

l\Dl)—‘[\Dlr—k

ot

1
(ug, + uOy _U0)<5’7 y) dxdy.

2

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



Previous Results

e Faminskii (1995) Local and Global well-posedness for ZK equation
for data in H'(R?).

e Biagioni-L (2003) Local and Global well-posedness for modified
ZK equation for data in H*(RR?).

e |-Saut (2008) Local well-posedness for ZK equation in 3D for data
in %% (R3).
e L-Pastor (2009) Local well-posedness for ZK and mZK equation in

2D for data in H*(R?), s > 3/4.

The notion of well-posedness we use is the one given by Kato, that is,
existence, uniqueness, persistence property and continuous depen-
dence upon the data.



Main Results

Theorem 1 (ZK on a cylinder) Given u, € X*,s > 3/2, there exist
T = T(||wl xs) and a unique solution u of the IVP (3), such that
v € C(0,T] : X*) and u,0,u,0u € LpLZ,. Moreover, the map
data-solution uy € X* — u € C([0,T] : X*) is continuous.

The functional space X* is defined by the norm

171

xo = | o f L2y + [ ) (| 2. (9)
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Theorem 2 (Perturbed ZK) For any u, € H'(R?), there exist T =
T(||uo||z:) > 0 and a unique solution of the IVP (4), defined in the
interval R*, such that forany T' > 0

u € C(R™; H'Y(R?)), (6)
0%l o2, + 110y Ont]| e 12, < 00, (7)
|0, ul| 212 < 00, (8)
and
[ull 2L < oo (9)
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Moreover, there exists a neighborhood W of v, in H'(RR?) such that
the map u, — u(t) from W into the class defined by (6)—(9) is smooth.
One has the two energy identities

1

1d [/ u2($,y,t)dxdy] + —/ w*(z,y,t)o(x, t)dxdy =0  (10)
2dt R2 2 -

1d , 1. 2

— = (IVul|” = zu’) (2, y,t) — u(z,y,t)p(x, t)dzdy

2dt | Jge 3 -

1
+ 5/ U2(,’L', Y, t>¢t(x, t)d.fl?dy = ().
R2
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Ingredients and ideas of the proofs
ZK on a cylinder

To deal with the IVP associated to (3) we will follow the ideas intro-
duced by lonescu and Kenig to study the IVP associated to the KP |
equation in a cylinder and in T?. Their argument of proof is an exten-
sion of the methods used by Koch and Tzvetkov for the Benjamin-Ono
equation, Kenig and Kdnig also for the Benjamin-Ono equation and by
Kenig for the KPI equation.



— Energy estimates

Lemma 1 Let u be a solution of the IVP (3) with uq € H*(R x T).
Then for any s > 1, we have, forany T € [0, 1], that

sup [Ju(t) |-
O<t<T (12)
< ¢ exp (¢ (lull 2 pes + 100 £y zo + ||8yu||L1TLg-;,))||U0|

X5y
where

Il./]

xs = [ f 2@y + (| f | 2.

Kato-Ponce commutators: Let s > 1 and f,g € H*(R x T). Then
1;(fa)=f Tyallez < Cs (1, fllesllgllzze + (L llege + 105 f )11y~ gl ez -
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— A priori estimate

Lemma 2 Let u be a solution of (3) withuy € H*(R x T) defined in
0, T]. Let

lwoll s = [l Jiuoll oy + ||y uoll 22 -

Then for any s > 3/2, there exists T' = T'({|uy
cr(||ugl| xs, s) such that

xs, §) and a constant

T

ATy = [ (lutt)

0

L, T [19yu(t)

L%)dt <cp (13)
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— Key estimate

Lemma 3 Letu € C(0,T] : H*(R x T)) N CY([0,T] : H*(R x T)),
FeC(0,T]: HR x T)), T € [0,1], and

Ou+ 0,Au =0, F on R x T x |0,T]. (14)

Then, for any s, > 0 and s, > 1/2,

Jullipss, < oo TP TR0l + 172 Fllyes,). (15)
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— Localized Strichartz estimate
Consider the solution of the linear IVP

o + 0,Au = 0, (x,y) e Rx T, teR, (16)
U(.CU, Y, O) — U’O(x7 y>7
that is, u(x,y,t) = W(t)ug(z,y), where
W(thug(a,y) = > / Gy ) dg. (17)
R

nez

Then
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Lemma 4 Assume ¢ € S(R x T). Then, for any € > 0,

W ()@, 12

2—k—j

I <C2 —1/2+€)j | (18)

The operators @} and Q! on H*(R x T) are defined by

Q2(&,n) = xp(ENG(En),  QEg(€,n) = xra (IE)G(E ) if b > 1,

and

Qgg(& n) = xpn(|n|)g& n), Qlng(fa n) = Xpr-120(|n])g(§,n) if k> 1.
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Perturbed ZK
Consider the linear IVP
u + 0,Au = 0, (z,y) € R* teR,
(19)
u(w,y,0) = uo(z,y).
The solution of (19) is given by the unitary group {U (¢) }*
u(t) = U(t)uo(x,y)
— / i(t(E3+En)+as+yn) o3 Uo(€,m)dedn.
RZ

such that

t=—00
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Strichartz Estimates
Proposition1 Let 0 < ¢ < 1/2 and0 < 6§ < 1. Then the group
{U(t)}°_ . satisfies

t=—00

1D U ) fllign, < cllf

2
Ty — Lzy )

||Dg€/ U(t o t/)g('7t/>dt/||LgL§y S C”g”Lg'Lglya

(0.9]

D% [ Utgt el < el g,

where | + & = -+ - = 1 with
2 2 0(2+¢)
= and — =
b 1—46 q 3
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As a consequence of Proposition 1 we have
Let 0 < e < 1/2. Then the group {U(t)}:*__ satisfies

U@ fllizre < TID,72f

2, (20)

and

[0 ey, < eT°| D7
where v = (1 —¢)/6and § = (2 — 3¢)/18.

2, (21)
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Smoothing Effect
Lemma 5 Let uy € L*(R?). Then,

0.0 E)ullsz s, < ellullz,

Maximal Function Estimate
Lemma 6 Letu, € H*(R?), s > 3/4. Then,

1U(t)uo

ez < (s, T)l[uol s,

where c(s,T) is a constant depending on s and T
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Consider the integral operator
W(u)(t) = W, (u)()
t
= U(t)ug + / Ut — ') (u*u, + 0,(¢u))(t)dt
0
and define the metric spaces

Yr={ue C(0,T; H(R%)): |ul| < oo}

and
Vr=Au € &Xr; |uf <a},
with
lull - = Nellgm, + 100ull 2o + 1050l oz, + 107, ull ooz, + lull z2rss,

where a, T’ > 0 to be determined.



Generalized Zakharov-Kuznetsov equation
Next we consider the IVP

Uy + O, Au + uPu, = 0, (z,y) € R?, ¢ >0,
(22)

U(ZC, Y, O) - U()(x, y)

e For2 < k < 7,the IVP above is shown to be locally well-posed for
datain H*(R?), s > 3/4 (3/4> sgcar = 1 — 2).
e For k£ > 8, local well-posedness is shown to hold for data in

H*(R?), s > s;, where s, = 1 — ﬁ (S > Sgcal = 1 — %).
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Theorem 3 Assume 3 < k < 7. For any uy, € H*(R?), s > 3/4,

there exist T = T'(||ug||zrs) > 0 and a unique solution of the IVP (22),
defined in the interval |0, T, such that

u e C([0,T); H*(RY)),
| D3| peerz, + | Dyus || o2, < 00, (23)

el g + el oo < 00,

and

[ullzares, < o0, (24)

where p;, = 172?{1;7) and v € (0,1/12). Moreover, for any T" € (0,T)

there exists a neighborhood W of u, in H*(R?) such that the map
uy — u(t) from W into the class defined by (23)—24) is smooth.
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Theorem 4 Let i > 8 and s, = 1 — 53°5. For any uy € H*(R?),

s > sy, there exist T = T(||ug||zs) > 0 and a unique solution of the
IVP (22), defined in the interval |0, T, such that

u € C([0,T]; HY(R?)),

1Dl rerz, + [ Dyttall rer2, < o0, (25)
el e+ Nkl s e < 00,
and
[ullzars < oo, (26)
where p; = 21(6—;3) and ~v > 0 is sufficiently small. Moreover, for any

T' € (0,T) there exists a neighborhood U of v, in H*(R?) such that
the map uy, — u(t) from U into the class defined by (25)—(26) is
smooth.



Global Results
Theorem 5 (Farah-L-Pastor) Let uy € H'(R). Letk > 2 and s, =
(k —2)/k. Suppose that

E(“o)SkM(Uo)l_sk < E(Q>SkM(Q)1 e E(“o) > 0. (27)

If
Vol Ealluoll 2™ < IVQIIZEIQI ™, (28)

then for any t as long as the solution exists,

IVu@)llElluoll =" = Vu@llENu@)l=" < IVQIEIQNL:™, |

where () is the unique positive radial solution of (33). This in turn
implies that H' solutions exist globally in time.
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The main ingredient of the proof is the classical result obtained by
M. Weinstein, regarding the best constant of the Gagliardo-Nirenberg
inequality.

Theorem 6 Let k > 0, then the Gagliardo-Nirenberg inequality

lull 7 < Ko [Vl llull2:, (30)

holds, and the sharp constant K. > 0 is explicitly given by

2l

where 1) is the unique non-negative, radially-symmetric, decreasing
solution of the equation

(31)

gm — Y+ttt =0, (32)



Remark 1 /f) is the solution of (32), then by uniqueness
k
Q(xay) :w §<$7y> )

AQ — Q+ Q1 =0. (33)

is the solution of

Moreover,

2
QI = 161
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In the critical case k& = 2 we can go below H'(RR?)

Theorem 7 (L-Pastor) Let k = 2. Letu, € H*(R?), s > 53/63, and
assume that ||uo|| 2 < V/3||¢|| .2, where  is the ground state solution
of equation (33), then the solution of (22) is globally well-posed.

We use the low-high frequency method introduced by Bourgain.
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Scattering
Theorem 8 Letu, € H'(R?) N L”(R?) such that
|wol| o + ||wo]| g2 < 6.

wherep = 2(k + 1), p' = 22U [etk > 3 and u(t) be the global

2k+1
solution of (22). Then, there exist f+ € H'(R?) such that

Ju(t) = U®) fellz — 0, (34)
ast — +oo.

Remark 2 Actually if k > £33 ~ 2.186 the result in Theorem 8 holds.
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Final Remarks

— We observe that Bourgain’s approach to deal with the KdV equation,
does not seem to work in our case. Indeed, it is well-known that to ob-
tain “good bounds” by using the Fourier restriction method we need to
know very well the behavior of the resonant function, or equivalently,
the geometry of the resonant set, which is the zero set of the resonant
function. In general, if the geometry of the resonant set is too “com-
plicated” then it is not clear how to perform dyadic decompositions to
get the needed estimates. This is the situation in our case where the
resonant function is given by

hE & mom) = (& — &) (3E& +nm) + (n — m1)(Em + &in).



